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Abstract 

We study the following coupled Schrodinger equations which have appeared as 
several models from mathematical physics: 



— Ai«i + Ai«i = /iiiif + /3iiiii|, x £ Q, 
-Au 2 + A 2 u 2 = A«2«2 + flu\u2, xefl, 
ill = U2 = on d£l. 



> 

o 
m 

o 

t^J- \ Here fi C M w (iV = 2,3) is a smooth bounded domain, Ai,A2, Mi,M2 ar e all 

C^ > positive constants. We show that, for each k £ N there exists /?& > such that 

m | this system has at least k sign-changing solutions (i.e., both two components 

change sign) and k semi-nodal solutions (i.e., one component changes sign and 

the other one is positive) for each fixed (3 S (0, /?&). 

cd ■ 1 Introduction 

In this paper we study solitary wave solutions of the coupled Gross-Pitaevskii 
equations (cf. [7]): 

-i^$i = A$i + ^i|$i| 2 $i + /3|$ 2 | 2 $i, X € Q, i > 0, 
-if$2=A$ 2 +/i 2 |$ 2 | 2 $ 2 +/3|$ 1 | 2 $ 2 , xe!l,f>0, 

^• = *j(i,t)ec, j = 1,2, 
% $j(a;,t) = 5 a; e 90, i > 0, j = 1,2, 
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where fi C WL N (N — 2,3) is a smooth bounded domain, i is the imaginary 
unit, /ii,/i2 > and (3 ^ is a coupling constant. System (|1.1[) arises in 
mathematical models from several physical phenomena, especially in nonlinear 
optics. Physically, the solution $j denotes the j th component of the beam in 
Kerr- like photorefractive media (cf. pQ). The positive constant fij is for self- 
focusing in the j th component of the beam, and the coupling constant f3 is 
the interaction between the two components of the beam. Problem (jl.ip also 
arises in the Hartree-Fock theory for a double condensate, i.e., a binary mixture 
of Bose-Einstein condensates in two different hyperfme states |1) and |2) (cf. 
P3]). Physically, $j are the corresponding condensate amplitudes, fij and j3 
are the intraspecies and interspecies scattering lengths. Precisely, the sign of fij 
represents the self-interactions of the single state \j). If /j,j > as considered 
here, it is called the focusing case, in opposition to the defocusing case where 
fij < 0. Besides, the sign of (3 determines whether the interactions of states |1) 
and |2) are repulsive or attractive, i.e., the interaction is attractive if (3 > 0, and 
the interaction is repulsive if (3 < 0. 

To study solitary wave solutions of (|1.1|) . we set <frj(x,t) — e lXjt Uj(x) for 
j = 1,2. Then system (jl.ip is reduced to the following elliptic system 

— Ami + Ai«i = niu\ + f3u\u\, x £ Q, 

— Au 2 + X2U2 = H2U2 + Pu\u2, x£VL, (1.2) 

u\ = U2 = on dfl. 

Definition 1.1. We call a solution (11,1,112) nontrivial if Uj ^ for j = 1,2, a 
solution (111,112) semi-trivial if (u\,U2) is type of (u\,0) or (0, U2). A solution 
(111,112) is called positive if Uj > in Q for j = 1,2, a solution (ui,U2) sign- 
changing if both U\ and U2 change sign, a solution (u\,U2) semi-nodal if one 
component is positive and the other one changes sign. 

In the last decades, system (|1.2|) has received great interest from many math- 
ematicians. In particular, the existence and multiplicity of positive solutions of 
(TO) have been well studied in [3 UM 02 022 US UM EHl E21 E31 EH EH EH] 
and references therein. Note that all these papers deal with the subcritical case 
N < 3. Recently, Chen and Zou [S] studied the existence and properties of 
positive least energy solutions of (jl.21) in the critical case N = 4. 

On the other hand, there are few results about the existence of sign-changing 
or semi-nodal solutions to (|1.2|) in the literature. When /3 > is sufficiently 
large, multiple radially symmetric sign-changing solutions of (|1.2[) were con- 
structed in [5T| for the entire space case. Remark that the method in [3T] can 
not be applied in the non-radial bounded domain case. Recently, the authors 
[TO] proved the existence of infinitely many sign-changing solutions of (jl.2j) for 
each fixed (3 < 0. Independently, Liu, Liu and Wang [17] obtained infinitely 
many sign-changing solutions of a general m-coupled system (m > 2) for each 
fixed f3 < 0. The methods in JT0] [T7] are completely different. 

The main goal of this paper is to study the existence of sign-changing and 
semi-nodal solutions when f3 > is small. This will complement the study made 
in [TOllIIlET]. Our first result is as follows. 



Theorem 1.1. Let ft C R N (N = 2, 3) be a smooth bounded domain and Ai, A2, 
/ii, /i2 > 0. TTien /or any fceN </iere exists 0k > smc/i t/iat system II 1.2)) has 
at least k sign-changing solutions for each fixed G (0,0k). 

Definition 1.2. A nontrivial solution is called a least energy solution, if it 
has the least energy among all nontrivial solutions. A sign- changing solution is 
called a least energy sign-changing solution, if it has the least energy among all 
sign- changing solutions. 

Lin and Wei [TB] proved that there exists 0q > small such that, for any 
G (—00, 0q), (jl.2p has a least energy solution which turns out to be positive. 
Recently, the existence of least energy sign-changing solutions for < was 
proved in |10] . Here we can prove the following result. 

Theorem 1.2. Let assumptions in Theorem \1.1\ hold. Then there exists 0[ G 
(0, 0i] such that system il.2\) has a least energy sign-changing solution for each 

/8e(o,#). 

Theorems II .11 and II .21 are both concerned with sign-changing solutions. The 
following result is about the existence of multiple semi-nodal solutions. 

Theorem 1.3. Let assumptions in Theorem \1.1\ hold. Then for any k G N 
there exists 0k > such that, for each G (0,0k), system 111.2]) has at least 
k semi-nodal solutions with the first component sign- changing and the second 
component positive. 

Remark 1.1. Similarly we can prove that \1.2\) has at least k semi-nodal solu- 
tions with the first component positive and the second one sign-changing for each 
G (0, 0k)- Recently, \25\ Theorem 0.2] proved the existence of 0k > such 
that, for each G (0, 0k), hi .2)) has at least k nontrivial solutions (u\,i, U2,i) with 
u\^i > in il (i = 1, • • • , k). These solutions are called semi-positive solutions 
in 1251. Remark that whether U2,i is positive or sign-changing is not known in 
J25\/ , hence our result improves \2b\ Theorem 0.2} clearly. Our proofs here are 
quite different from 



Remark 1.2. Theorems U.JIIJ.3I are all stated in the bounded domain case. 
Consider the following elliptic system in the entire space: 

-Aui + \\ui = n\u\ + /Juiu§! let", 

-Au 2 + \2U 2 = H2vi + 0u1u 2 , xeR N , (1.3) 

Ui(x), 1(2(31) ->0 os \x\ — > +00. 

Then by working in the space fl^(R ) := {u G iJ 1 (M Ar ) : u radially symmetric} 
and recalling the compactness of JJ* (M. N ) <-> L 4 (M. N ), we can prove the following 
result via the same method: For any k G N there exists 0k > such that, for each 
fixed G (0,0k), system lil.3\) has at least k radially symmetric sign-changing 
solutions and k radially symmetric semi-nodal solutions. On the other hand, 
in 2008 Liu and Wang \181 proved the existence of 0k > such that, for each 



(3 € (0, j3k), \1.S]) has at least k nontrivial radially symmetric solutions. In 
fact, they studied a general m-coupled system (m > 2). Remark that whether 
solutions obtained in f!8f are positive or sign-changing or semi-nodal is not 
known. Moreover, Liu and Wang J 181 Remark 3.6] suspected that solutions 
obtained in \18\l are not positive solutions, but no proof has yet been given. Our 
results improve the result of / 181 in the two coupled case (m=2). 



Remark 1.3. After the completion of this paper, we learned that \1.3\l has also 
been studied in a recent manuscript \H\ , where the authors obtained multiple 
radially symmetric sign- changing solutions with a prescribed number of zeros 
for (3 > small. Remark that their method can not be applied in the non-radial 
bounded domain case. 

The rest of this paper proves these theorems. We give some notations here. 
Throughout this paper, we denote the norm of L P (Q) by \u\ p = (/<-, \u\ p dx)p , 
the norm of H^fl) by ||w|| 2 = J n (\Vu\ 2 +u 2 ) dx and positive constants (possibly 
different in different places) by C, Co, C\, ■ ■ ■ . Denote 



I {\Vu\ 2 +\ l u 2 )dx 
Jn 



for convenience. Then || • ||^ are equivalent norms to || • ||. Define H := Hq(£1) x 
Hl{Q) with norm \\(u 1 ,u 2 )\\ 2 H := ||«i||^ +\\u 2 \\l 2 . 

The rest of this paper is organized as follows. In Section 2 we give the proof 
of Theorem 11.11 The main ideas of our proof are inspired by [101 126) , where a 
new constrained problem introduced by |10j and a new notion of vector genus 
introduced by [55] will be used to define appropriate minimax values. In [25] , 
Tavares and Terracini studied the following general m-coupled system 

f -A Uj - njul - Pu 3 J2i& «i = *j,/)Uj, q 4 n 

\uj € #o(Q), j = !,-■■ ,m, 

where (3 < 0, fj,j < are all fixed constants. Then (2H1 Theorem 1.1] says that 
there exist infinitely many A = (Ai^, • • • , Xm.p) G R m and u = (ui, • • • , u m ) £ 
H} ) (Q,,W n ) such that (u,X) are sign-changing solutions of (|1.4[) . That is, Xj.p 
is not fixed a priori and appears as a Lagrange multiplier in 26; . Here we 
deal with the focusing case fij > 0, and Xj,fij, (3 > are all fixed constants. 
Some arguments in our proof are borrowed from [10| 126) with modifications. 
Although some procedures are close to those in [101 ES] , we prefer to provide all 
the necessary details to make the paper self-contained. In Section 3 we will use 
a minimizing argument to prove Theorem 1 1.2 1 By giving some modifications to 
arguments in Sections 2 and 3, we will prove Theorems 11.31 in Section 4. 

2 Proof of Theorem 11.11 

In the sequel we let assumptions in Theorem ll.ll hold. Without loss of generality 
we assume that /ii > fi 2 . Let (3 £ (0, /12). Note that solutions of (|1.2|l correspond 



to the critical points of C 2 functional E$ : H — >• K given by 

Ep( Ul ,u 2 ) := - (\\ui\\ 2 Xl + \\u 2 \\l 2 ) - - (fii\ui\i + fi2\u2\i) - 2 / u l u l dx - 

(2.1) 

Since we are only concerned with nontrivial solutions, we denote H :— {{u\ 1 u 2 ) € 
H : u.i ^ for i — 1, 2}, which is open in if. Write u = (ui, W2) for convenience. 

Lemma 2.1. For anj/ u = (ui,W2) € H. if 



MaNtlM!^ - /8||«a|lA a Jn u i u 2 cfe > 0, 



then system 



I^iIIaj = ^lMihiH + t 2 (3 ^uju^dx 



\u 2 \ 



= t 2 fi 2 \u 2 \j + ti/3/ s 



(2.2) 



(2.3) 



2MA3 - t2/*2|'U2|4 X qfJJ fi u.xu.2' 



/ias a unique solution 



, (->\ _ I j -2\u2\i\\u 1 \\\ 1 -t3\\u 2 \\\ 2 J u\uldx 

tl[U) MlM2M>2^-/3 2 (JoU^<^) 2 >U / 94 N 

2 ^vZuidx y ZA > 



, ,-* __ A'l|"ll4ll"2||| 2 -|3||m|| Al f a u\u\dx 

Moreover, 

sup F^ (VtiUi, \fh,u 2 \ = £73 ( \/ii(u)ui, \/i2W M 2 ) 



(2.5) 



tl,*2>0 

= i (*i(€OI|wi|lL +t2Cu)||w 2 || A J 

= l /^MjIM^ ~2/3||m||^||M 2 |l| 2 / n M 2 ^g;a; + /xi|m|^||u2||t 2 
4 MiM2Kl4Klt-/3 2 (/nW 2 W2 da; ) 2 

and (ti(u),i2(w)) is the unique maximum point of E^(y/t±ui, \ft 2 u 2 ). 

Proof. By (J2.2I) we see that /hi^?|mi \\\u-)\\— B 2 ( j^u\u 2 dx) 2 > 0, so (ti(u),t 2 (u)) 
defined in (I2.4[) is the unique solution of (|2.3[) . Note that for ti,t 2 > 0, 

f(ti,t 2 ) :=Ep (VtiUi,Vt2U 2 ) = -hWuiW^ + -t 2 \\u 2 \\l 2 



1 If 

- (tf/ii|wi|| + i2M2|w 2 | 4 ) - — ii*2/3 / u 2 M2 cte 

4 z Jn 

*1 II.. 1 1 2 ^1 I |4 1 1 ( ^2 I, || 2 ^2 1 |4 



This implies that f(ti,t 2 ) < for maxjii,^} > 3 1 , where T is some positive 
constant. So there exists (i 1 ,i 2 ) e [0,T] 2 \ {(0,0)} such that 

f(hM) = sup f(ti,t 2 ). 

ti,t 2 >0 



It suffices to show that (ti,£ 2 ) = (ti(u),t2(u)). Note that 



4 



sup/(ii,0) = -— — £. 
t!>o 4/xi|«i|| 

Recalling the expression of f(ti(u),t2(u)) in (j2.5[) , by a direct computation we 
deduce from (12.21) that 



/(*i(«),*2W) - sup /(ti,0) = - — : — w : — w — - A — — — > 0. 

Similarly we have f{t\(u),t 2 {u)) — sup t2>0 /(0,£ 2 ) > 0, so t\ > and i 2 > 0. 
Then by -^f{tiM)\{t^,h) = ^/(*i, *2)](t 1( * a ) = we see that (*i,t 2 ) satisfies 
(Z^, so(fi,f 2 ) = (ti(u),i2(w)). □ 



Define 



M* :={ueH : 1/2 < \u x \\ < 2, 1/2 < \u2\4 < 2} ; (2.6) 

M}:={u£M* : u satisfies (|2~2"j)}; 



MilluallA, - /^IMIjL /n U ? M 2 <& > 
M:={t?€J5T : |tti|4 = l, |«aU = l}, ^:=MnMJ. (2.7) 

Then Mp = M D Mp*. Evidently M* , M*p, Mp* are all open subsets of H 
and M is closed. Note that \x\\i 2 — P 2 (J n u\u\ dx) 2 > for any w e .Ml*, as in 
[TO] we define a new functional J^ : M*p* —t (0, +00) by 



J'a(u)(ip,0) = ti(u) I (VuiVip + \1U1ip) dx ~ ti(u)t 2 (u){3 / uiu 2 <pdx, (2.8) 
J^(u)(0,V) =t 2 (w) / (Vu 2 Vip + \2u2ip) dx - t x (u)t 2 (u)j3 / uju2ipdx (2.9) 



J/3( " ): 4 MlM2 -/?2(/ oU 2 u 2 da;)2 

A direct computation yields Jp £ C 1 (M*p*, (0, +00)). Moreover, since any 
u £ Mp is an interior point of M%*, by (|2.4[) we can prove that 

<1\U ■ 

A 

U 2 " 

n 

hold for any u £ Mp and ip, ip £ Ho(fi) (Remark that (|2~8)) - ([2~9)) do not hold 
for u £ M*p* \ Mp). Note that Lemma I2TT1 yields 

Jp(ui,vv)= sup Ep(y/tiui, Vhu 2 ) , y(ui,u 2 ) £ Mp. (2.10) 

*1,*2>0 

To obtain nontrivial solutions of (jl.2p . we turn to study the functional Jp re- 
stricted to Mp, which is a problem with two constraints. Define 

N b *:={u£M* : Huxll^, ||u 2 ||S a <6}, N b :=N b *nM. (2.11) 



Fix any fc 6 N. Our goal is to prove the existence oi (3k > such that (|1.2[) 
has at least fc sign-changing solutions for any (3 £ (0,/3fe). To do this, we let 
Wk+i be a fc + 1 dimensional subspace of Hq (Q) which contains an element ipo 
satisfying ipo > in 51. Then we can find b > such that 

IMlL NIa 2 <b, Vue Wk+x satisfying \u\\ < 2. (2.12) 

Fix a b > such that 

6 2 > (2 + Ml //i 2 )6 2 . (2.13) 

Then TV? C A/" 6 * and A/g CJVj. Recalling the Sobolev inequality 

NlAi^^Hl) VtiGfi^(n), i = l,2, (2.14) 

where S is a positive constant, we have the following lemma. 

Lemma 2.2. There exist 0q £ (0, [12) and G\ > Cq > such that for any 
/3 e (0, /3 ) i/iere hold W 6 * C A-fJj n M* p * and 

C < ti(t0, t 2 (u) < d, V5e^*. 

Proof. Define /3 := ^ and let (3 e (0,^ )- For any u = (ui,u 2 ) e A/" 6 *, we 
see from fl2J)|) and (|2~T4|) that f n u 2 u%dx < \m\j\u2\l < 2 and ||uj|| Ai > S/y/2. 
Hence 

I |4ii i|2 nil ii2 / 2 2 . ^ A i 2<-> „, „ £t2<J 

MiNltlMlL - /SIMIa! / W1W2 da; > -^-; 

MallwillAi -£IMIa 2 / wiuicfa>^-; 

MiII«2||a 2 -^IIwiIIaj / u\u\dx > -^-; 

o2 ff 2 2 , V A^l^ 2 1 M 2 S 2 

™^(r f "H ^-kk;-w ; 



^l^KLKL -/? ( / u x u 2 dx) 



2 8 & 2 ' 



U(u) > -3- ■ 4 4 > -g— , i;(w) < -j^m, * = 1,2. 



Then b£ MoflXa*. Moreover, combining these with (I2.4[) we have 

^ 1 5 1 2 9 6 3 

"2 s " ' ^MtMt " 2V? tt(M) " ^ 

This completes the proof. □ 

Lemma 2.3. There exist (3^ e (0,/3 ] and d^ > such that 

inf Jp{u)>d k > sup J)j(tZ), V/3e(0,/3 fc ). (2.15) 



Proof. This proof is inspired by [25] . Define 

Ii(ui) := - — \\u t \\f i = 1,2. 

Then for any u £ A/b and /3 e (0, /Jo) we have 
|J>(tO - Ji(ui) - Ja(«2)| 



P 



Pifa u i u i dx ) 2 E<=i IKIIlM ~ 211ml! ^ llttallij /n u ? u i dx 



i[fi lf i 2 ~ P 2 (J Q u 2 u 2 dx) 2 } 
where C > is independent of w € A/t and /3 € (0, ft). Therefore, 



<Cft 



6 2 b 2 
sup J^u) < sup (ii(ui) + I 2 (u 2 )) + C/3 < — + — + Cft 

Jnf J^fi) > inf (^(ui) + J 2 (U2)) - CP > ±- - Cp. 

u£dN b uedAf b 4/Xi 

Recalling (JHT3J, we let ft = min{g^,ft} and ft = ^- - Cft, then (l2~T5j) 
holds. This completes the proof. D 

In the following we always let (i,j) = (1,2) or (i,j) = (2,1). Recalling 
(|2.14p and Lemma 12. 2) we can take ft smaller if necessary such that, for any 
(3 e (0,(3 k ) and u <E Afg, there holds 



Ml-Pt^u) f u 2 v 2 dx>hv\\l, Vv€H%(n), » = 1,2. (2.16) 

Jo 



Clearly (|2.16|) implies that the operators —A + Xi — /3tj(u)u 2 are positive definite 
in Hq(0). In the rest of this section we fix any /3 £ (0, ft). We will show that 
l| 1.2)1 has at least A; sign-changing solutions. For any u = (wi,w 2 ) € A/j*, let 
w)i G JTq(J7) be the unique solution of the following linear problem 

- Awi + XiWi - Ptj(u)u?Wi =HiU(u)i4, Wi€H^(n). (2.17) 

Since \ui\f > 1/2, so u>i ^ and we see from (|2. 16[) that 



ufvii dx = ( \\mWl. - /3tj(u) / u 2 w 2 dx ) > x -, , A 



Willi >o. 



Define 

w, = otiWi, where a,; = -j. — 5 — > 0. (2-18) 

Jo ">* dx 

Then Wi is the unique solution of the following problem 

\-Aw l + X i Wi~/3t : j(u)u 2 w l ^aifi i U(u)uf, w t € H^(Q), , . 

1 J n ufu>i dx = 1. 



Now we define an operator K = (Ki,K2) ■ A/" 6 * — > H by 

K(u) = (K 1 (u),K 2 (u)):=w = (w 1 ,w 2 ). (2.20) 

Define the transformations 

Oi : H -> H by ai(ui, u 2 ) := (-Ui, w 2 ), <7 2 (ui,u 2 ) := («i, -«2^ (2-21) 
Then it is easy to check that 

KifnW) = ^(^(u)), t = 1, 2. (2.22) 

Lemma 2.4. X e C X {M^,H). 

Proof. It suffices to apply the Implicit Theorem to the C 1 map 
* : A/? x fl^(n) xl-) i?o(fi) x M, where 
*(«,«, a) = (w - (-A + A,) -1 (/3tj(u)UjV + aiu,iti(u)Ui) , / ufudx-l). 

Note that f|2.19[) holds if and only if ^(u, Wi,ai) = (0,0). By computing the 
derivative of $ with respect to (v,a) at the point (u, Wi,oti) in the direction 
{w, a), we obtain a map $ : Hq (Q) x R — >• Hq(Q) x R given by 

$(u),a) :=75„ iQ ,*(w,ii7j,ai)(iZ;,a) 

= I tu — (—A + Ai) _1 yfitj{u)UjW + aniU (w)u|) , / u^wdx I . 

Recalling (|2.16l) . similarly as [TU1 Lemma 2.3] it is easy to prove that $ is a 
bijective map. We omit the details. □ 

Lemma 2.5. Assume that {u n — (u n ^i,u n . 2 ) : n > 1} C A/&- T/ien there exists 
W G. H such that, up to a subsequence, w n :— K(u n ) — > w strongly in H . 

Proof. Up to a subsequence, we may assume that u n — *■ u = (u\,u 2 ) weakly 
in H and so u n ^ — ¥ u% strongly in L (51), which implies \ui\4 = 1. Moreover, by 
Lemma l2.2l we may assume U(u n ) — > U > 0. Recall that u; n ,i = a n ^w n ^, where 
a Uli and w„ ti are seen in (j2"T71) - (j2~Tg)) . By ([2TT5]) - ([2TT7|l we have 

oll*n,i||L ^ ViU{u n ) \ U Z nl W n ^dx < C\w n ^\ 4 < C\\w nji \\ \ t , 



which implies that {w n> i : n > 1} are bounded in iJg(fi). Up to a subsequence, 
we may assume that w n> i — > Wi weakly in Hq(£1) and strongly in L 4 (f2). Then 
by (|2.1T[) it is standard to prove that w n: i — > Wi strongly in Hq(SY). Moreover, 
Wi satisfies — Awi + Xiibi — /3tjU^Wi = /i,tjuf. Since | zt^- 1 4 = 1, so m,- ^ and 
then L, uf Wi dx > 0, which implies that 

lim a n j = lim 



In ul,i&n,i dx In u i™i dx 



Therefore, W n> i = a ni iW n ^ — > a.iWi —: W{ strongly in H^fl). D 

To continue our proof, we need to use vector genus introduced by |26] to 
define proper minimax energy levels. Recall (|2.7I) and (I2.21J) . as in [35] we 
consider the class of sets 

T = {A C M : A is closed and Oi (u) € A V u £ A, i = 1, 2}, 

and, for each A £ T and ki, k 2 £ N, the class of functions 

{2 ji\ A^r R k ^ 1 continuous, 

/ = (/i,/ 2 ) : A -► H^ 1 " 1 : /i(^i(t*)) = -/<(«) for each », 
i=i fi(o-j(u))= fi(u) for j j£i 

Here we denote R° := {0}. Let us recall vector genus from [26 . 

Definition 2.1. ('Vector genus, see ',261) Let A £ T and take any k\,k% € N. 
tVe say iftoi 7(j4) > (fci, fc 2 ) if /or ei>en/ / <E ■f(fc 11 fc 2 )(-^-) ^ere exists u £ A such 
that f(u) = (fi(u)J 2 (u)) = (0, 0). We denote 

r^ k ^:={AeT:1(A)>(k 1 ,k 2 )}. 

Lemma 2.6. (see [261) With the previous notations, the following properties 
hold. 

(i) Take A 1 x A 2 C M and let rn : S k *~ l := {x £ R ki : \x\ = 1} ->• A % be a 
homeomorphism such that r)i(—x) = —T]i(x) for every x £ S i— 1 , i = 1,2. 
Then A 1 x A 2 £ T (klM \ 



(ii) We have n(A) £ r( fel ' fc2 ) whenever A £ r( fel ' fe2 ) and a continuous map 
r\ : A ~ > M. is such that rj o <jj = o~% o rj, Vi = 1, 2. 

To obtain sign-changing solutions, as in many references such as [TTI HI |2"5] . 
we should use cones of positive functions. Precisely, we define 

2 

V l :={u={u 1 ,u 2 )£H:u l >0}, V := \J{V t U -V l ). (2.23) 

Moreover, for 5 > we define Vs :— {u £ H : dist^M, V) < 5}, where 

disU(u,V) := min{dist 4 (u l , V t ), dist 4 («i, -"P*), i = 1,2}, (2.24) 

dist4(uj, ±Vi) :— inf{|uj — u| 4 : v£±Vi}. 

Denote u^ :— max{0, ±w}, then it is easy to check that dist 4 (iti,±'Pi) = (it^U- 
The following lemma was proved in |10) . 

Lemma 2.7. (see \1Q[ Lemma 2.6]) Let k\,k 2 > 2. Then for any 6 < 2 -1 / 4 
and any A £ T (kl ^ there holds A\V&^$. 
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Lemma 2.8. There exists A G r( fe+1 ' fe+1 ) such that A C Mb and swp A Jp < d k . 

Proof. Recalling Wk+i in (|2.12[) . we define 

A x =A 2 := {ueW fc+ i : \u\ 4 = l}. 

Note that there exists an obvious odd homeomorphism from S h to Ai. By 
Lemma \TEl (i) one has A := A x X A 2 G r (fc+1 - fe+1) . We see from (f2"7T2"]) that 
icJVj, and so Lemma \2~3\ yields sup^ Jp < du- □ 

For every fa, k 2 G [2, k + 1] and < S < 2~ 1 / 4 , we define 

c ^> fe2 : = inf | ^ sup Jf}{u), (2.25) 



Aer^'^'ae^xn 



where 



Tf M) :=lAeT^^ :AdM b , sup J p <d k \ 



(2.26) 



Noting that rl 1 ' 2 ' C rl 1 ' ' 2 ^ for any fci > fci and k 2 > k%, we see that Lemma 

[M] yields rf lM) ^ and so c^f 2 is well defined for any ki,k 2 G [2,k+ 1]. 
Moreover, 



c 






< d fe for every (5 G (0, 2" 1/4 ) and fa, fa G [2, jfe + 1]. 



We will prove that c^ 1 ^" 2 is a critical value of Ep for 5 > sufficiently small. 
Define A4./3 := {w G Mb ■ Jp(u) < d k }, then Lemma [2T3l yields A/g C Mb,p- 

Lemma 2.9. For any sufficiently small 6 G (0, 2 -1 ' 4 ), there holds 

dist 4 (K(u),T) < 5/2, \/u&M b ,p, dist 4 (u,V) < 5. 

Proof. Assume by contradiction that there exist 5 n — > and u n = {u n> \, u n , 2 ) G 
Mb, /3 such that dist4(M„,"P) < S n and dist4(i4T(u ra ),'P) > S n /2. Without loss of 
generality we may assume that dist4(u n ,7- > ) = dist4(u„ i i,7 3 i). Write K{u n ) — 
w n = (w n ,i,w n . 2 ) and w n ,i = ot n .iW nt i as in Lemma 12.51 Then by the proof of 
Lemma 12.51 we see that a ni , are all uniformly bounded. Combining this with 
dHH) and d2HU), we deduce that 

dist 4 (w„ 4 ,7 3 i)|u; r ; il |4 = \K,i\l < Cll^n.illli 

< C [ (\Vw~ tl \ 2 + \i(w- x ) 2 - (3t 2 (u n )ul 2 (w- A ) 2 ) dx 
Jn 

= -Ca n> \Hiti{un) \ u z nl w~ x dx 
Jn 

< C ( U n.lY W n,l dx < C \ U n.l\l\ W n.lU 

Jn 
= C , dist 4 (w„,i,7'i) 3 |w r ; il |4 < C8l\w- }l \i. 
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So dist4(K(u n ),V) < dist4(w„ i i,7 : 'i) < CS^ < S n /2 holds for n sufficiently 
large, which is a contradiction. This completes the proof. □ 

Now let us define a map V : N b * —> H by V(u) := u — K(u). We will prove 
that (\/ti(u)ui, \Jt2{u)u2) is a sign-changing solution of (|1.2|) if u = (ui, U2) G 
7V h \ V satisfies V(u) = 0. 

Lemma 2.10. Let u n — (u ni i,u ra ,2) € A/& fee such that 

Jp(un) -^ c < dk and V(u n ) —¥ strongly in H. 

Then up to a subsequence, there exists u £ A/j, such that u n — > u strongly in H 
and V(u) = 0. 

Proof. By Lemma 12.51 up to a subsequence, we may assume that u n — v u = 
(ui,u 2 ) weakly in .ff and w n := K(u n ) = (w n \,w n 2) — > w = (u>i,ui 2 ) strongly 
in H. Recalling V(u n ) — > 0, we get 



Vu nti V(u na - Ui)dx = / V(w n>i - Wi)V(u nii - Ui) dx 
Jn 

+ / VwiV(u n ,i - Ui) dx + I V(u n ,i-W ni i)V(u n ,i-Ui)dx = o(l). 

Jn Jn 

Then it is easy to see that u n — > u strongly in H and so u € A/&. Hence 
V(u) = linin^oo V(u n ) = 0. Moreover, J^(u) = c < dk and so u 6 A4- D 

Lemma 2.11. Recall Cq > in Lemma \2. 2\ Then 

J' p (u)[V(u)} > ^-\\V(u)\\ 2 H , for anyueAf b . 

Proof. Fix any u — (u\, U2) G A/5 and write w — K(u) — (w\, w 2 ) as above, 
then V{u) — {ui — w\,U2 — Wi), By (|2.19p we have J a uf (tij — wi)dx = 1 — 1 = 0. 
Then we deduce from l[2^ )) -([^9 )) . ([2~T6|) and (|2~T9)) that 

J'p{u)[V{u)] 

= y^U(u) I (VuiV(ui - Wi) + XiUiiui - mi) - tj(u)/3ui(ui - Wi)u 2 ) dx 

2 /• 

= V,£t(w) / (VuiV(ui - uii) + XtU t (ui - Wi) - tj(u)/3wi(ui - iOi)u| 

— tj(u)(3(ui — Wi) 2 u 2 ) dx 
2 
= V] ti(u) / (VuiV(ui -»i) + XiUi{ui -Wi) - VwiV(ui - Wi) 

- \ t Wi(ui - Wi) + aifiiU(u)u^(ui - w^ - tj(u)/3(ui - WifuJ) dx 
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2 f 

y^U(u) / (|V(uj - Wi)\ 2 + \i\v,i - w l \ 2 - tj(u)/3(v,i - Wi) 2 u 2 ) dx 



>Y. t -^\\u l -w l \\l i >^\\V(u)\\ 2 H . 

i=l 

This completes the proof. □ 

Lemma 2.12. There exists a unique global solution r\ = (771,772) : [0,oo) x 
A/&„3 -* H for the initial value problem 

-i 1 (t,u) = -V(i 1 (t,u)) 1 r)(0,u)=u£Af b ,p. (2.27) 

Moreover, 
(i) rj(t, u) £ A/"b,/3 for any t > and u £ A/&./3. 
(ii) r)(t,o~i(u)) = o~i(r)(t,u)) for any t > 0, u S Mb,/} and i = 1,2. 
(Hi) For every u£ Nb,p, the map t *-¥ Jp(j](t,u)) is non-increasing, 
(iv) There exists So £ (0, 2 -1 ' 4 ) such that, for every S < So, there holds 
r](t, u) £ Vs whenever u £ Nb.p H Vs and t > 0. 

Proof. Recalling Lemma l2~4l we have V(u) € C l (N b ,H). Since A/i,,/3 C N b 
and 7V 6 * is open, so (J2.27JI has a unique solution 77 : [0, T max ) x A/b,/3 - > -ff , where 
T max > is the maximal time such that rj(t, u) € J\f b * for all t G [0, T max ) (Note 
that V(-) is defined only on J\f b ). We should prove T max = +00 for any u G A/b,^. 
Fixing any u = (u\, 7i 2 ) € A4,/3, we have 

— / rn(t,u) i dx = -4 / 77j(i, u) s (r]i(t,u) - Ki(ij(t,u)))dx 
at J n Jci 

= 4-4 /" r)i(t,fi) 4 dx, V0<£<T max . 
Jo 

Recalling f„ 77^(0, it) 4 dx = f^uf dx = 1, we deduce that JU ?7i(£, m) 4 da; = 1 for 
all < t < T max . So ??(t,u) € A4, that is r)(t,u) € M nAf b * = A4 for all t e 
[0,T max ). Assume by contradiction that T max < +00, then rj(T max ,u) £ dAfb, 
and so J/3(r)(T max , u)) > dk- Since rj(t, u) £ A/j, for any £ <E [0, T max ), we deduce 
from Lemma [2.111 that 

Jf3 (7? (T max , u)) = Jp(u) - I ' "" J^(77(t, u))[V(7 ? (t, fl))] dt 

Tmax (2.28) 

< J^fl) - ^ / ""* ||V(»;(t,tO)|||r* < ^(«) < 4, 



2 ./o 



a contradiction. So T max = +00. Then similarly as (|2.28[) we have Jp(r](t,u)) < 
Jp(u) < dk for all t > 0, so n(t,u) £ A4,/3 and then (i), (Hi) hold. 
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By (J2.22I) we have V(ai(u)) = <Ti(V(u)). Then by the uniqueness of solutions 
of the initial value problem (I2.27p . it is easy to check that (ii) holds. 

Finally, let ^o G (0, 2~ 1 / 4 ) such that Lemma T2.9I holds for every S < 6q. For 
any u € Nb,p with dist^u, V) = 5 < 8q, since 

rj(t,u) =u + t—r](0,u) + o(t) = u - tV (u) + o(t) = (1 -t)u + tK(u) + o(t), 
at 

so we see from Lemma 12.91 that 



dist 4 (ry(t, u), V) = dist 4 ((l - t)u + tK(u) + o(t),T) 

< (1 - i)dist 4 (u, V) + tdisU{K(u), V) + o(t) 

< (l-t)S + tS/2 + o(t) <S 

for t > sufficiently small. Hence (iv) holds. □ 

Proof of Theorem 11.11 

Step 1. Fix any fei, k% € [2,k+ 1] and take any 5 € (0, 5q). We prove that 
(|1.2[) has a sign-changing solution (wi,w 2 ) € ff such that Ep{u\,U2) = Cg' s 2 . 

Write c2' s 2 simply by c in this step. Recall that c < dk- We claim that 
there exists a sequence {u n : n > 1} C A4„8 such that 

Jp{un) -* c, V(u n ) ->• as n -> co, and dist 4 (M„,7 : ') > <5, Vne N. (2.29) 

If (|2.29|) does not hold, there exists small e £ (0, 1) such that 

\\V(u)\\ 2 H > e, Vue M,/», |J>(S) - c| < 2e, dist 4 (u,-p) > 5. 

Recalling the definition of c in (I2.25|) . we see that there exists A £ Fl 1 ' 2> such 
that 

sup Jp < c + e. 

A\p s 

Since sup^ Jp < dk, so A C Nb,p- Then we can consider B = t]{A/Cq,A), 
where r\ is in Lemma 12.121 and Cq is in Lemma 12.21 Lemma 12.121 -f^ yields 
B C A/6,/3- By hemxaaWMdi) and Lemma l2T2l fe) we have B e T^ kl ' k2 \ Again 

by Lemma \2.12U iii). we have sup B Jp < sup^ J^ < (ife, that is B £ T „ 1 ' 2 
and so sup B y -p J^ > c. Then by Lemma 12.71 we can take u € A such that 
7j(4/C ,u) eB\Vs and 

c - e < sup Jp~e < Jp(r)(4/C , u)). 

B\P S 

Since r)(t,u) E Nb,p for any i > 0, Lemma l2.12I (w) yields r)(t,u) $. Vs for 
any t € [0,4/Co]. In particular, u $ Vs and so Jp(u) < c + e. Then for any 

t € [0,4/Co], we have 

e-e < Jp(rj(4:/Co,u)) < Jp(i](t,uj) < Jp{u) < c + e, 
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which implies ||V(?7(£, w))||# > e and 

j t Mv(t^)) = -J'Mt,u))[v{ v {t,u))] < -Q\\v(r,(t,it))\\H < ~y £ 



/•4/Co £. 



for every £ € [0, 4/ Co]. Hence, 

r vc„ ( - i(| 

/o 

a contradiction. Therefore (j2.29|l holds. By Lemma T2.101 up to a subsequence, 
there exists u — («i, U2) G ■A/ft,^ such that u n —¥ u strongly in H and V(u) = 0, 
Jfi(u) = c = Cj'j 2 . Since dist4(u ra ,'P) > 5, so dist^u, P) > 6, which implies 
that both u\ and u 2 are sign-changing. Since V{u) = 0, so u = K(u). Combin- 
ing this with (J2.19|l - (j2.20|) , we see that u satisfies 

J -Atti + Aiiti = amiti(u)u\ + f3t 2 {u)u\ui, 
y— AU2 + A 2 U2 = a 2 ^i 2 t 2 {u)u\ + f3t 1 (u)u\u 2 . 

Recall that \ui\4, = 1 and U(u) satisfies (|2.4|l . Multiplying (|2.30|l by u% and 
integrating over fl, we obtain that ai = a 2 = 1. Again by (|2.30j) . we see 
that (Gi,U2) := (-\/ti(u)ui, •^^2(^)^2) is a sign-changing solution of the original 
problem ([L~2]) . Moreover, (|2T5|) and (|2~TU|) yield ^(fii, w 2 ) = ^(«i, "2) = c^ 2 - 

Step 2. We prove that (|1.2[) has at least fc sign-changing solutions. 

Assume by contradiction that (jl.2p has at most fc— 1 sign-changing solutions. 
Fix any k 2 € [2, k + 1] and 6 € (0, <*„). Since rf 1+1M) C r^ fe2) , we have 

2,fc 2 ^- 3,fe 2 -- ^ k,k 2 ^ k+l,k 2 , j /n o-r\ 

Since c^ 1 ^ 2 is a sign-changing critical value of Ep for each k\ £ [2, k + 1] (that 

is, Ep has a sign-changing critical point u with Ep(u) = Co 1 ] 2 ), by (|2.31|) and 
our assumption that (|1.2[) has at most k—\ sign-changing solutions, there exists 
some 2 < JVi < k such that 

4T 2 =4T M =--^<dk- (2.32) 

Define 

K,:={u£j\fb : u sign-changing, Jp(u) = c, V(u) = 0}. (2.33) 

Then K, is finite. By (|2.22[) one has that (Ji(u) £ K, if u <G /C, that is, K, C J-. 
Hence there exist fco < fc — 1 and {u m : 1 < m < fco} C /C such that 

/C = {u m , <ri(u m ), a- 2 (u m ), -u m ■ l<m<k }. 

Then there exist open neighborhoods Oa m of w m in H , such that any two of 
Os m , cri(Oir m ), <J 2 {Oa m ) and —Oa m , where 1 < m < fco, are disjointed and 

fco 

K C O := \J Sm U (TifOjJU (T 2 (O s JU -0 3m . 
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Define a continuous map / : O — > R \ {0} by 



k -i, ifwe|Jl =i^i(o 1 r m )u-o am . 

Then f(a\{u)) = —f{u) and f(a%(u)) = f(u). By Tietze's extension theorem, 
there exists / G C(H,M.) such that /|o = /. Define 

W == 4 , 

then F|o = /, ^(oi(w)) = -F(w) and F(a 2 (u)) = F(u). Define 

/C T := < u € Nb '■ inf llu — w||h < r 
(_ ffex; 

Then we can take small r > such that JC 2t C O. Recalling F(u) = in /C and 
/C finite, we see that there exists C > such that 

\\V(u)\\ H <C, V«e^. (2.34) 

For any u G JC 2t , we have F(u) = f(u) ^ 0. That is F(JC 2t ) C R \ {0}. By 
(J2.33I) and Lemma T2. 101 there exists small e € (0, (dk — c)/2) such that 

\\V{u)\\ 2 H > e, Vu e M \ (/C T U n) satisfying | J^(u) - c| < 2e. (2.35) 

Recalling C in Lemma E2J we let 

a:=imin{l,lS}. (2.36) 

By (J2~25l) - (j2~26l) and (|2~32)) we take A e r^ Vl+1 ' fe) such that 

sup J,3 < cf 1 s +lM + ae/2 = c + as/2. (2.37) 

A\v s 

Let B := A \ IC 2t , then it is easy to check that Be/. We claim that j(B) > 
(Nx, k 2 ). If not, there exists g € Fi Nl ^ 2 \{B) such that <?(u) 7^ for any u G B. 
By Tietze's extension theorem, there exists 3 = (31,32) G C(JT, l" 1-1 x R fc2_1 ) 
such that ff| B = 3- Define g = (31,32) G G^R^ 1 " 1 x R^- 1 ) by 

/-* 9i(u) + gifaiu)) - ffi(o"i(u)) - 3i(-«) 
5i W : = 1 > 

/-* 32(w)+92(o-i(u))-3 2 (o-2(u))-32(—u) 
32 (u) := J , 

then g\ B = 3, g l (a l (u)) = -gi(u) and 9i(<Tj(u)) = ff»(5) for j ^ i Finally we 
define G = (Gi,G 2 ) G C(A, l"^ 1 " 1 x R^- 1 ) by 

Gi(u) := (F(u), gi (u)) G R^+ 1 - 1 , G 2 (u) := g 2 (u) G R* 9 " 1 . 
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By our constructions of F and g, we have G G F(Ni+i,k a )(A). Since 7(A) > 
(iVi + l,fc 2 ), so G(u) = for some u £ A. If m G K. 2r , then F(u) ^ 0, 
a contradiction. So u G A \ /C2 T = B, and then g(u) = g(u) 7^ 0, also a 
contradiction. Hence 7(B) > {N\,k2j. Note that Bcic A/& and sup B J^ < 
sup^ Jp < dk, we see that B C A/6,/3 and B £ T^ 1 ' 2 . Then we can consider 

D := t)(t/(2C),B), where 77 is in Lemma l2~T2"l and C is in ([2~M)> . By Lemmal2l)l 
(m) and Lemma l2.12l we have D C Afb.p, D £ T^ Nl ' k2 ^ and sup D Jp < sup s Jg < 
d k , that is L> G r^ 1,fe2) . Then we see from ((2~25J) - ((2~26)) and ([232)1 that 



t ^ Ni,k 2 
SUp J/3 > C^' 



D\Vi 

By Lemma [2~71 we can take u £ B such that t)(t/(2C),u) £ D\V$ and 
c-ae/2< sup Jp - ae/2 < J^{t]{t/{2C),u)). 

D\Vs 

Since rj(t,u) £ Afb,p f° r an y t > 0, Lemma T2. 121 fa) yields rj(t,u) $ p s for any 
£ £ [0,7-/(2(7)]. In particular, u g 7^ and so (j!OT|) yields Jg(u) < c + ae/2. 
Then for any i G [0, r/(2C)], we have 

c-ae/2< J p (r,(T/(2C).u)) < Jp(r)(t,u)) < Jp(u) <c + ae/2. 

Recall that u£ B = A\K,% r . If there exists T £ (0, t/{2C)) such that 7i(T, 3) G 
/C T , then there exist < t\ < t 2 < T such that r](ti,u) £ dK-2 T , r)(t2,u) £ dJC T 
and rj(t, u) £ K-2 T \ K-t for any t £ (ti,t 2 ). So we see from (J2.34I) that 



t < \\r){ti,u) -t](t2,u)\\ H 



V(rj(t, u)) dt 
ti 



<2C(t2-ti), 

H 



that is, 7-/(2(7) < t% — t\ < T, a contradiction. Hence r/(t,u) $ fC T for any 
t £ (0,t/(2(7)). Then as Step 1, we deduce from (|Q5)l and ([2~35)l that 



c 



y < Jfi(v(T/(2C),iT)) < Jp{u) -J -fedt<c+ — -as = c-—, 



a contradiction. Hence (|1.2p has at least fc sign-changing solutions for any 
/3 G (0, (3 k ). This completes the proof. □ 

3 Proof of Theorem [L2] 

Let k — 1 in Section 2. By the proof of Theorem 11.11 there exists /3i > such 
that, for any (3 £ (0,/?i), (|1.2p has a sign-changing solution (11^,1,^,1) with 
E/3( u /3,1j v I3,i) — c b s < ^i- Recalling S in (|2.14|l . we define 

/3 i: =min{5 2 /(4rfi),/3i}. (3.1) 
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Fix any /3 £ (0, /?() and define 

Cg := inf Ep(u); )Cp :— {u : u is a sign-changing solution of (|1.2[) }. 

UGK/3 

Then /C^ 7^ and C/3 < d\. Let u„ = (it n) i, Un.2) € /C/3 be a minimizing sequence 
of cp with Ep(u n ) < di for all n > 1. Then ||w„,i||| + ||u„. 2 ||^ < 4di. Up 
to a subsequence, we may assume that u n — > u — (u\,U2) weakly in H and 
strongly in L 4 (0) x L 4 ($7). Since E'Ju n ) = 0, it is standard to prove that 






m„ — > u = (111,112) strongly in H, E'a(u) — and Ep(u) — cp. On the other 



hand, we deduce from E'g(u n )(u nl ,0) = and E'Ju n )(Q,u n2 ) — that 
SK/a < ll<Jl = wK,li + /3 / l<i| 2 <i«fc < MiKilS + 0l<il2Kjl< 



1 i i4 /^ 1 ~f" i2ii ii2 1 -I - i4 ^Ul/J I _i_ in 

< MiK.iU + ^K^UIK^IIa, < MtK,il4 + ^cHViL' 

which implies that |u„j4 > C > for all n > 1 and i = 1,2, where C is a 
constant independent of n and i. Hence |u, I4 > C and so u is a least energy 
sign-changing solution of (|1.2p . D 

4 Proof of Theorems 11.31 

The following arguments are similar to those in Section 2 with some modifica- 
tions. Here, although some definitions are slight different from those in Section 
2, we will use the same notations as in Section 2 for convenience. To obtain 
semi-nodal solutions (u\,U2) such that u\ changes sign and m 2 is positive, we 
consider the following functional 

Efj{ui,u 2 ) := - (||wi||^ + ||u 2 ||a 2 ) - t (vi\ui\i + H2Wt\t) ~ o / u i u ldx, 



and modify the definition of H by H := {(iti, u 2 ) € H : u\ ^ 0, u\ ^ 0}. Then 
by similar proofs as in Section 2, we have the following lemma. 

Lemma 4.1. For any u— (111,112) <E H, if 

f/*»l4l4ll«i|lA 1 -)8|MI^/ n «!^da:>0, 

U 1 \u 1 \i\\u 2 \\l 2 -/3\\u 1 \\lJ n uW 2 dx>0, 



(4.2) 



i/ien system 




(Kill 


= ti(ii\ui\f+ t 2 (3 J Q u\u\ dx 


\IMIL 


= t2l^\u 2 \\ + ti/3 J^ujuldx 


/ias a unique solution 






M2|m^|4|I"i|Ia 1 -/ 3 II"2|Ia 2 J n u[uldx 
Ml|"ll4ll t '2||| 2 -P\Wl\\\ 1 f n u\u%dx 
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(4.3) 



(4.4) 



Moreover, 

sup Ep (VtiWi, Vhu 2 ) = ^ (\/iiM«i, >/*2(tt) u a) 

tl,*2>0 v ' 

_ i ^l^ltlKIlt - ggjHgjM^ Jo "i"l dx + MiMtlMIt 

4 Mi/tt|«i|l|uJll-/9 2 (/ n «?«i*c) 2 

and {t\{u),t 2 (u)) is the unique maximum point oj Ep{s/t\Ui, \ft~2U2). 
Now we modify the definitions of M* , Ml, Mp* , M and Mp by 

M* := {uEH : 1/2 < |ui|| < 2, 1/2 < |u+|J < 2} ; (4.5) 

M%:={u£M* : u satisfies (l4~T1) }; 

M P-\ U&M ■ ni\\u2\\l-P\\ Ul \\lJ n uW 2 dx>0 
M:={&eH : \ui\i = l,\t4\ A = i}, Mp:=MC\M*p, (4.6) 

and define a new functional Jp : Mp* — > (0, +00) as in Section 2 by 
l^llttill*! - 2 ^||«i||A 1 ll«2|lA a /n«i«2<fe + Mi||«a|lti 



Jp{u) :-- 



4 ^1^2 - (3 2 (f n ujuldx) 2 



Then Jp e C 1 ^", (0, +00)) and (|2~% ]) -([2T9 l hold for any «e^ and p, V G 
i?o(57). Moreover, Lemma \A . 1 1 yields 

^(wi,W2)= sup Ep (y/hui, y/hu 2 ) , y(ui,u 2 )eMp. (4.7) 

tl,*2>0 

Under this new definitions (|4~5l) - (|4~6)) . we define A/£ and A/j, as in (|2.11[t - 
(J2.13I) . Since |u 2 || < »S _1 ||'"2|Ia, < V* 5 for all u € W b *, by trivial modifications 
it is easy to check that Lemmas 12.21 and 12.31 also hold here. Moreover, we may 
assume that (12.161) also holds here for any (3 £ (0,/3fc). 

Now we fix any f3 £ (0,f3 k ). For any u = (u 1 ,u 2 ) £ W b *, let w l £ Hq(Q), 
i = 1, 2, be the unique solutions of the following linear problem 



{— Aw 1 + X1W1 — (3t 2 (u)u 2 uii = niti(u)u\, w\ £ Hq(£1), 
-Aw 2 + X 2 w 2 - ptxiujulwz = n 2 t 2 {u){u^f, w 2 £ i?o(0). 

As in Section 2, we define 



(4.8) 



Wi = ctiWi, where a\ = - r — 5-: — j- > 0, a 2 = , — — > 0. (4.9) 

J u uiwidx J Q (uJ) 3 w 2 dx 

Then (w±,w 2 ) is the unique solution of the problem 

-Awi + X1W1 — (3t 2 (u)u 2 wi = aiHiti(u)uf, w\ £ Hq(Q), 
-Aw 2 + X 2 w 2 - ^ti(u)ufw 2 = a 2 n 2 t 2 (u)(u+) 3 , w 2 £ H^fl), (4.10) 

J n u\w\ dx — 1, Jn( u 2 _ ) 3 ' u '2 dx = 1. 
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As in Section 2, the operator K = (A"i, A2) : A/" fc * — > H is defined as K(u) := 
w = (u)i,w 2 ), and similar arguments as Lemma HOI yield K 6 C 1 (A/' b *, if). Since 
u„ — >• u in L 4 (f2) implies m+ — > u + in A 4 (f2), so Lemma T2. 5 1 also holds for this 
new K defined here. Clearly 

K{<t 1 {u)) = <t 1 {K{u)). (4.11) 

Remark that (I4.11J) only holds for o\ and in the sequel we only use <j\ . Consider 

T = {A(Z M: A is closed and a\{u) G A V116 A}, 

and, for each A G T and k\ > 2, the class of functions 

A (fcl ,i)(A) = {/ : A -> R*" 1 : / continuous and /(ai(fi)) = -f(u)} . 



Definition 4.1. (Modified vector genus, slightly different from Definition \2.1\) 
Let A G J- and take any k\ G N with k\ > 2. We say that 7(A) > (fci, 1) if for 
every f G Fr^^^A) there exists u G A such that f(u) = 0. We denote 

r (ki,i) := {AeJ:7(A)> (*i,l)}. 

Lemma 4.2. ('see fJ6*L Lemma 4-2]) With the previous notations, the following 
properties hold. 

(i) Take A := Ai x A2 C M. and let 77 : 5 fcl_1 — > A\ be a homeomorphism 
such that rj{—x) = —r)(x) for every x G S 1 ~ l . Then A G I^ fcl ' 1 ). 



(ii) We have rj{A) G r*-' 01 ' 1 ) whenever A G T^ 1,1 ' and a continuous map 77 : 
A — > M is such that r/ o a± = o\ o r\. 

Now we modify the definitions of V and dist 4 (w, V) in (|2~23]) - ([2~24)) by 

V :=Vx\J-Vx, dist 4 (M,7 5 ) :=min{dist 4 (Mi, "Pi), dist 4 (ui, -"Pi)}. (4.12) 

Under this new definition, u\ changes sign if dist 4 (u, V) > 0. 

Lemma 4.3. (see \1(A Lemma 4-3]) Let k\ > 2. Then for any S < 2 -1 / 4 and 
any A G T^ 1 - 1 ) there holds A \ V s ^ 0. 

Lemma 4.4. There exists A G r( fc+1,1 ) such that A C A4 and sup^ Jp < dk- 

Proof. Recalling <p G Wk+i is positive, we define 

A x := {u G W k+1 : |u| 4 = l}, A 2 := {Ctp : C = l/>o| 4 }. 

Then by Lemma l4T2"l (i) one has A :— Ax x A 2 G r^ 1 * 1 ). The rest of the proof 
is the same as Lemma |2~51 □ 



For every fei G [2, fe + 1] and < S < 2 ^ 4 , we define 
fci,i 

C /3,<5 



c g u g := inf sup J/3(w), 

Aer ( „ kl - 1} u£A\v s 
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where the definition of T^ 1 ' is the same as (|2.26|) . Then Lemma [4.41 yields 

rl ^ and so c/j is well defined for each fa € [2, k + 1]. Moreover, 

cff < d k for any S € (0, 2" 1 / 4 ) and fa G [2, fc + 1]. Define A/5,/3 := {u € JV b : 
Jp{u) < dk} as in Section 2. Under the new definition (J4.12I) . it is easy to see that 
Lemma ED also holds here. Now as in Section 2, we define a map V : JV b * — > H 
by V(u) := u — K(u). Then Lemma \2. 101 also holds here. Recall from (|4.6|) and 
(|4.10p that J^(wJ) 3 (m 2 - 102) dx = 1 - 1 = for any u = (ui, u 2 ) G A//j. Then 
by similar arguments, we see that Lemma 12.111 also holds here. 

Lemma 4.5. There exists a unique global solution n — (771, 772) : [0, 00) xAfb,p — > 
H for the initial value problem 

-i 1 (t,u) = -V{i 1 {t,u)), ^(0,fl) = t?eM,/J. (4-13) 

Moreover, conclusions (i), {Hi) and (iv) of Lemma \2.12\ also hold here, and 
r/(t,ai(u)) = ai(r/(t,u)) for any t > and u £ Mb,p- 

Proof. Recalling V(u) £ C 1 (Af b *,H), we see that (I4.13|) has a unique solu- 
tion r\ : [0,T max ) x Mb,p — ► H, where T max > is the maximal time such that 
r)(t, u) £ J\f b * for all t £ [0, T max ). Fix any u = (u%, u^) G Nb,p> we deduce from 
g33J that iJ n (V2(t,u) + f dx = 4- 4 r f2 (r; 2 (i,w)+) 4 dx, V0 < t < T max . 

Since / n (772(0, u) + ) dx — J n (u 2 ) 4 dx = 1, so J n (r) 2 (t,u) + ) dx = 1 for all 
< t < T max . Recalling (|4.11j) . we see that the rest of the proof is similar to 
Lemma [2~T2l □ 

Proof of Theorem 11.31 First we fix any fa £ [2, k + 1]. Then by similar 
arguments as Step 1 in the proof of Theorem 1 1.11 for small 5 > 0, there exists 
u = (ui, u 2 ) £ Mb such that 

Jp(u) = Cg' s , V(u) = and dist^w, V) > S. 

So ui changes sign. Since V(u) = 0, so u = K{u). Combining this with (|4.10[) . 
we see that u satisfies 

J -Ami +A1U1 = aifiiti(u)ul + Ph(iZ)v%ui, , . 

|-Am 2 + A2U2 = a 2 n 2 t 2 (u)(u 2 ) 3 + pt\{u)u\u 2 . 

Since |«i|4 = 1, \u 2 \a = 1 and ti(u) satisfies (|4.2[) . so ai — a 2 = 1. Multiplying 
the second equation of (|4.14p by u 2 and integrating over f2, we see from (|2.16[) 
that ||w2~IIa = 0, so u 2 > 0. By the strong maximum principle, u 2 > in 
SI. Hence (ui,u 2 ) :— (^Jti(u)u\, \/t 2 (u)u 2 ) is a semi-nodal solution of the 
original problem (ll.2[) with u\ sign-changing and u 2 positive. Moreover, (J4.4I) 
and (|4~71) yield Ep(ui,u 2 ) = ^(ui,^) = Jp{u\,u 2 ) = c^' s < d k . Finally, 
since fa £ [2, k + 1], by similar arguments as Step 2 of proving Theorem ll.il 
with trivial modifications, we can prove that (|1.2[) has at least fc semi-nodal 
solutions. This completes the proof. □ 
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Remark 4.1. By a similar argument as in Section 3, we can prove that there 
exists /3" > such that for any f3 £ (0,/3"), lll.ty) has a semi-nodal solution 
which has the least energy among all semi-nodal solutions. 
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